ABSTRACT Coherent processing of distributed radar has huge advantages over processing of a single radar. In this paper, maximal positioning range of distributed coherent receiving radar is studied. Coherent receiving gain is defined to evaluate the performance of distributed coherent receiving radar using electromagnetic scattering of targets. Based on Fourier transform relationship between the scattering electric field (E-field) and the mode scattering response matrix of a target, theoretical maximal positioning range between two receiving sub-apertures is determined by analyzing the defined coherent receiving gain. Moreover, to verify the proposed maximal positioning range, scattering E-fields of three similar shaped targets are calculated using simulation tool FEKO. It is shown that the simulation results are consistent with the theoretical analysis, which demonstrates that the proposed maximal positioning range is effective for designing distributed coherent receiving radar.
I. INTRODUCTION
Since the first appearance of the next generation radar conception proposed by MIT Lincoln Laboratory in 2003 [1] , [2] , distributed coherent receiving radar has received intensive study. Different from traditional large aperture radar, distributed coherent receiving radar has advantages of cheap construction, easy transportation and high gain. In order to work cooperatively, echo signals from several separated sub-apertures are combined coherently. A clock oscillator is used to link the sub-apertures, which ensures time and phase synchronization. For coherent radar with N sub-apertures, N 3 Signal-to-Noise-Ratio (SNR) over a single aperture can be obtained at full coherent processing mode.
However, some problems still exist in distributed coherent receiving radar [3] - [7] . Currently, most research assumed that the electromagnetic scattering of a target with respect
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to different receiving angles of distributed coherent receiving radar is identical. Actually, according to the theory of electromagnetics [8] , the scattering E-field varies with the change of the observation angle, which means that signals scattered from the target with respect to different scattering angles have different values of amplitude and phase. For sub-apertures with large spatial separation, the performance of coherent receiving processing would be severely degraded due to the phase difference of the received scattering E-fields. Since signals received by different sub-apertures are uncorrelated, non-coherent processing is more suitable than coherent processing in such a situation [9] - [11] . For sub-apertures closely located, scattering E-fields received by different receiving sub-apertures can be treated to be the same for coherent processing which easily obtains high gain and enhanced resolution [12] - [18] . Therefore, a question arises: how small should the distance between receiving sub-apertures be for coherent processing? This is a fundamental and important problem. Only when it is solved can the decision of coherent or non-coherent processing be made. A common sense is that coherent processing can be applied when two sub-apertures are put together and performance of coherent receiving processing degrades as two sub-apertures are located far away. However, it is necessary to determine the maximal positioning range of distributed coherent receiving radar in theory. To find out the solution, electromagnetic scattering of a target is studied. Although scattering E-field can be obtained by solving Maxwell's equations, it is not wise to do so for its high computational loads. Another way is to seek a fast algorithm to compute the scattering E-field [19] , [20] . By expanding incident and scattering plane waves as Bessel series summation, Fourier transform relationship between the scattering E-field and the mode scattering response matrix of a target is found, which reveals the characteristics of the scattering E-field. Independent of the observation angle, a mode scattering response matrix reflects an intrinsic attribute of a target.
In this paper, a method based on electromagnetic scattering of a target to determine the maximal positioning range of distributed coherent receiving radar is proposed. Firstly, coherent receiving gain is defined to evaluate the performance of a distributed coherent receiving radar with two sub-apertures over a single radar based on the scattering E-field of a target. Then, considering the Fourier transform relationship between the scattering E-field and the mode scattering response matrix of a target, coherent receiving gain is expressed with respect to target's mode scattering response matrix and observation angles of the two sub-apertures. Because the scattering characteristics and the location of a target, i.e., mode scattering response matrix T and observation angles, are arbitrary and unpredictable, a statistical method is utilized to analyze the defined coherent receiving gain. Thirdly, scattering E-fields of three similar shaped targets are computed using simulation tool FEKO to verify our theoretical analysis. Finally, based on the obtained scattering angular interval between receiving sub-apertures of the distributed coherent receiving radar, the maximal positioning range is given.
To summarize, the main contributions of the paper are given as follows: (1) the coherent receiving gain is defined to evaluate the performance of coherent processing; (2) the maximal scattering angular interval between two receiving sub-apertures, which corresponds to the maximal positioning range of distributed coherent receiving radar, is determined by theoretical analysis and verified by simulations. It is shown that satisfactory coherent processing performance can be obtained when sub-apertures of the distributed coherent receiving radar are located within the maximal positioning range.
The remaining sections are organized as follows. Section II presents theoretical analysis of the maximal scattering angular interval based on the defined coherent receiving gain. Section III shows verification of our theoretical analysis based on simulated E-fields of three similar shaped targets computed by FEKO. Section IV gives the maximal positioning range between sub-apertures of the distributed coherent receiving radar. Finally, conclusions are drawn in Section V. 
II. THEORETICAL ANALYSIS ON THE MAXIMAL SCATTERING ANGULAR INTERVAL BETWEEN SUB-APERTURES OF A DISTRIBUTED COHERENT RECEIVING RADAR

A. DEFINITION OF COHERENT RECEIVING GAIN
Consider a scene of a distributed coherent receiving radar with two sub-apertures shown in Figure 1 , where electromagnetic waves are transmitted by one radar along θ and echo signals reflected by the target are received by two receiving sub-apertures along ϕ and ϕ + ϕ, respectively. θ and ϕ denote the incident angle and scattering angle of electromagnetic waves relative to the axis of the target, respectively. ϕ is the scattering angular interval between the two receiving sub-apertures. D represents the length of the target. R 1 and R 2 denote the distance between the target and the two receiving sub-apertures, respectively, where it is assumed that the range difference between the target and the two sub-apertures is compensated, i.e., R 1 = R 2 . For the general target size (from several meters to dozens of meters), radar detection range (from tens of kilometers to hundreds of kilometers) and radar operating frequency (from hundreds of MHz to several GHz), the receiving sub-apertures are located in the scattering far field region of the target. For example, consider a typical spatial target with the length of 2 m at a height of 500 km and a radar operating at the frequency of 3 GHz. The Fraunhofer distance d f = 2D 2 /λ satisfies d f < R 1 , which means that the two receiving sub-apertures are in the far field region of the target, where λ denotes the wavelength of electromagnetic waves.
Some definitions of coherent gain are given in [21] - [23] . In [21] , [22] , coherent gain of coherent distributed arrays is defined to illustrate the performance of the received signal with time delay errors relative to the ideal received signal. In [23] , coherent processing gain is regarded as the beampattern of the phased-array radar. However, these definitions could not illustrate the coherent performance of two subapertures relative to one single sub-aperture in terms of electromagnetic scattering. Therefore, it is necessary to introduce a new definition.
Based on the theory of electromagnetics, the scattering E-field is a function of θ, ϕ and f , where f denotes the frequency of electromagnetic waves. Represent E(θ, ϕ, f ) and E(θ, ϕ + ϕ, f ) as the scattering E-fields scattered at the directions with respect to the two receiving sub-apertures. The coherent receiving gain is defined as
Here "coherent" means matched in time/phase [24] . The numerator of coherent receiving gain G is the modulus of the sum of scattering E-fields, which implies the coherent integration of complex-valued measurements of the two receiving sub-apertures. The denominator of coherent receiving gain G is the modulus of the complex-valued measurement of one receiving sub-aperture. In order to measure the coherent performance of two receiving sub-apertures relative to one receiving sub-aperture, it is wise to define coherent receiving gain G as the ratio between these two parts. It is observed from (1) that G depends on θ, ϕ, ϕ and f .
B. DETERMINATION OF THE MAXIMAL SCATTERING ANGULAR INTERVAL
To evaluate G, the bistatic scattering E-field of the target should be calculated. The bistatic scattering E-field can be expressed as Fourier transform of mode scattering response matrix by decomposing the plane waves into the sum of Bessel series [19] :
where T p,q denotes the (p, q) th element in mode scattering response matrix T of a target, which is only determined by the intrinsic attribute of the target. P 0 represents the order of Bessel series. The factor of frequency f determines the electric size of the target, which is contained in mode scattering response matrix T . Scattering E-fields received by the two receiving subapertures are expressed as
Without loss of generality, supposing |E 1 | ≥ |E 2 |, the coherent receiving gain G satisfies
where the maximal value G max can be obtained when the two receiving sub-apertures are put together, i.e.,
It is natural to see that the value of G max equals to the number of receiving sub-apertures, if and only if the phases of E-fields scattered from observation directions of the target with respect to all the sub-apertures are identical to each other. Substituting (3a) and (3b) into (1), G is given by
Defining S q = P 0 p=−P 0 e jpθ T p,q , (5) can be rewritten as
Variation of G with respect to ϕ is roughly analyzed using a typical spatial target. For a given conical target with the length of 1.92 m and the incident angle of 30
• , coherent receiving gain G with respect to ϕ for different values of ϕ is plotted in Figure 2 . It is observed that for different scattering angle ϕ, variation of coherent receiving gain G with respect to ϕ is different. However, it can be seen that when ϕ is small, there is only small decrease of G from the value of 2 for all ϕ. Therefore, to guarantee a large value of G, receiving sub-apertures should be located within a small ϕ.
When receiving sub-apertures are located within a relatively small angular interval ϕ, exp(−jq ϕ) can be expanded by Taylor series at ϕ = 0, i.e., exp(−jq ϕ) ≈ 1 − jq ϕ. Then, (6) is approximated as
ϕ .
Defining Z = (
can be written as
Here, variation of coherent receiving gain G with respect to ϕ is analyzed geometrically. Because 2 + Z · ϕ is a complex number, it can be represented by a vector in the complex plane, as shown in Figure 3 . The vector 2 + Z · ϕ in Figure 3 is expressed as the sum of the vector 2 + 0i and the vector Z · ϕ, where the vector Z · ϕ is represented by a solid arrow, whose tail is at the point (2,0). In practice, the values of θ, ϕ and T are unknown and only ϕ can be set by putting receiving sub-apertures within proper positioning range. For random θ, ϕ and T , the value and direction of the vector Z · ϕ are arbitrary, so its head is located at the arbitrary point within the circle of radius 2 according to the maximal value G max . Starting from the point (2,0), Z · ϕ is a vector of an arbitrary direction with the length determined by ϕ. It is observed in Figure 3 blue solid arrow, as ϕ increases from zero, the value of G firstly falls reaching the lowest point, and then increases. In the latter case, though a large value of coherent receiving gain G can still be obtained after the lowest point, the location of the lowest point always changes for different targets and observation directions. Therefore, in order to determine the maximal scattering angular interval ϕ for arbitrary targets and observation directions, a wise way is to choose a ϕ before the lowest point of G is reached.
Since mode scattering response matrix T is related to a specific target and scattering E-fields are featured by different targets, coherent receiving gain G is analyzed statistically. Here, mode scattering response matrix T determined by the target is assumed to be a random matrix whose (p, q) th element is a complex Gaussian variable, i.e., T p,q ∼ N (µ, ), where µ and denote a 2-dimensional mean vector and a 2×2 covariance matrix, respectively. Here, µ is assumed to be a zero vector and is assumed to be 1 2 I, where I denotes an identity matrix. Incident and scattering angles are all assumed to be random variables with uniform distribution within the interval [0 • , 180 • ]. The cumulative probability distribution of G is computed as
where g is an arbitrary value within [0,2] and Pr() denotes the probability when G ≤ g happens. For various ϕ, F G (g) is plotted in Figure 4 . As shown in Figure 4 , it is observed that for a given g, the smaller the scattering angular interval ϕ is, the smaller the probability that G ≤ g is, i.e., the greater the probability that G ≥ g is. The probability that G ≥ 1.8 is about 86% and the probability that G ≥ 1.6 is about 98% when ϕ = 0.2 • . When ϕ = 2 • , G ≥ 1.8 holds with probability about 26% and G ≥ 1.6 holds with probability about 47%. For a desired G, a reasonable ϕ can be obtained from Figure 4 . For example, the value 1.8 of coherent receiving gain G can be obtained with probability about 86% when ϕ is set as 0.2 • . In the next section, specific targets are considered to analyze coherent receiving gain G and the corresponding ϕ.
III. SIMULATION VERIFICATION OF THE MAXIMAL SCATTERING ANGULAR INTERVAL BETWEEN SUB-APERTURES
Simulation tool FEKO is a comprehensive computational electromagnetics software suite intended for the analysis of a wide range of electromagnetic problems [25] . Compared to other simulation software, FEKO offers techniques such as the Method of Moments, the Multilevel Fast Multipole Method and Physical Optics. Because the scattering E-fields of the targets with the electrically large size require computing, it is wise to use simulation tool FEKO. In this section, simulation tool FEKO is used to simulate the bistatic scattering E-fields of three similar shaped targets. The structures of the three targets are shown in Figure 5 . Target 
A. SIMULATIONS OF COHERENT RECEIVING GAIN
Suppose that the radar operates at the frequency of 3 GHz. To verify the rationality of theoretical analysis of the maximal scattering angular interval between receiving sub-apertures, coherent receiving gain G versus incident angle θ, scattering angle ϕ and scattering angular interval ϕ is considered. In the former case, G(θ, ϕ) is analyzed with respect to ϕ = 30 • , where the incident angle θ and the scattering angular interval ϕ are changing from 0 • to 180 • with Coherent receiving gain G of the three targets versus incident angle θ, scattering angle ϕ and scattering angular interval ϕ is plotted in Figure 6 to Figure 8 . Firstly, it is natural to see that the value of coherent receiving gain G is large when ϕ is small from sub-figures (a) and (b) of Figure 6 to Figure 8 . Secondly, as shown in each sub-figure (c) of Figure 6 to Figure 8 , G falls as ϕ increases for a given θ. For a given ϕ, G declines to the lowest point and then increases with ϕ in each sub-figure (d) of Figure 6 to Figure 8 , which coincides with our previous analysis in Figure 2 . It is shown that there exists a scattering angular interval ϕ resulting in the decrease of coherent receving gain G. Thirdly, from each sub-figure (e) of Figure 6 to Figure 8 , it is observed that for different ϕ, variation of G with respect to θ is different. For small ϕ, G has a great value and does not change significantly with θ. For large ϕ, the value of G is relatively small and fluctuates significantly. Similarly, for different ϕ, each sub-figure (f) of Figure 6 to Figure 8 shows the same properties mentioned above, which means a small value of ϕ can guarantee a large value of coherent receiving gain G. Furthermore, for a given ϕ, it is observed that coherent receiving gain G is more sensitive to the scattering angle ϕ rather than the incident angle θ from sub-figures (e) and (f) of Figure 6 to Figure 8 .
The relationship between G and f is also analyzed to verify the reasonableness of the recommended ϕ. It is assumed that ϕ = 0.2 • is adopted in the later analysis. Figure 9 shows the coherent receiving gain G of three similar shaped targets versus ϕ for different f . It is observed from the subfigures (a), (c), (e) of Figure 9 that for a low operating frequency f , G has a large value for the recommended ϕ and shows small values at very few points of ϕ. For a high operating frequency f , G fluctuates dramatically with respect to ϕ. Obvious fluctuation of G is observed for the three targets, as shown in sub-figures (b), (d), (f) of Figure 9 , demonstrating that for electrically large targets, G may be sensitive to scattering angles. Moreover, comparing Target 3 with Target 1, it is observed that coherent receiving gain G may suffer from more severe fluctuation for targets with complicated structures, such as grooves on the surface. G versus θ for different f is shown in Figure 10 . Similarly, for a low operating frequency f , a large value of G can be obtained when the recommended large targets is not sensitive to the incident angle θ. Moreover, it is easier to obtain higher coherent receiving gain G by operating at a low frequency rather than a high frequency.
Based on the previous analysis, the parameters of f = 3 GHz and ϕ = 0.2 • are given to verify whether coherent receiving gain G can keep high with respect to all incident angles and scattering angles. Coherent receiving gain G of the three similar shaped targets versus θ and ϕ is shown in Figure 11 . It is observed that the value of G is large in most cases and only degrades at few points of observation angles. Similarly, comparing Target 3 with Target 1, it is found that coherent receiving gain G may experience more severe fluctuation for targets with complicated structures.
B. STATISTICAL ANALYSIS OF COHERENT RECEIVING GAIN
In practice, the observation direction of radar is unknown, so a wise way of analysis is to suppose the incident angle θ and the scattering angle ϕ as random variables with uniform distribution within the interval [0 • , 180 • ]. Cumulative probability distribution of G of the three targets is plotted in Figure 12 . Firstly, it is observed that for a given g, the smaller the scattering angular interval ϕ is, the smaller the probability that G ≤ g is, i.e., the greater the probability that G ≥ g is. Then, it is observed from Figure 12 that coherent receiving gain G can achieve 1.8 with probability more than 96% and 1.6 with probability more than 99% when ϕ = 0.2 • for the three targets. For comparison, when ϕ = 2 • , G ≥ 1.8 is satisfied with probability about 10% and G ≥ 1.6 with probability about 24%. These conclusions are consistent with our theoretical analysis shown in Figure 4 . It is observed that when the two receiving sub-apertures are within ϕ = 0.2 • , the probability about 96% of coherent receiving gain G ≥ 1.8 can be achieved for the three targets. 
IV. MAXIMAL POSITIONING RANGE OF DISTRIBUTED COHERENT RECEIVING RADAR
In the previous section, a maximal scattering angular interval ϕ is determined to ensure satisfactory coherent processing of distributed coherent receiving radar. Here, the maximal positioning range of distributed coherent receiving radar is given based on the maximal scattering angular interval ϕ. Figure 13 shows a geometrical illustration of a distributed coherent receiving radar with a reference sub-aperture and some other sub-apertures. Here, C and T denote the position of the reference sub-aperture and the target, respectively. T is the horizontal projection of the target. ϕ represents the scattering angle of the target observed by the reference sub-aperture. (x t , y t , z t ), (x c , y c , 0) and (x i , y i , 0) denote the coordinates of the target, the reference sub-aperture and the i th sub-aperture, respectively. For an arbitrary sub-aperture S i (x i , y i ), in order to ensure distributed coherent receiving radar realizes coherent processing, the relationship of the i th sub-aperture S i , the reference sub-aperture C and the target T is given as
where d TS i and d CT denote the distance between the target T and the i th sub-aperture S i and that between the reference subaperture C and the target T . R 0 is the maximal radar detection range. S i TC represents the angle between the line through S i and T and the line through C and T . ϕ denotes the maximal scattering angular interval between the two receiving sub-apertures when a desired coherent receiving gain G is given.
Euclidean distances between the sub-apertures and the target can be expressed as
where d CS i denotes the distance between the reference subaperture and the i th sub-aperture S i . By the law of cosines, the constraint condition of the i th sub-aperture S i is given by
Substituting the concrete values of coordinates into (10), (10) can be rewritten as (13) , as shown at the bottom of this page. When the maximal scattering angular interval ϕ is determined, the maximal positioning range of distributed coherent receiving radar can be obtained based on the geometric locations and operation parameters of the receiving sub-apertures.
Here, some examples for determining the maximal positioning range of sub-apertures are given. The position of the reference sub-aperture is assumed to be (x c , y c , 0) = (200, 200, 0) km. As shown in Figure 14 , when the position
VOLUME 7, 2019 of the target is given by (x t , y t , z t ) = (300, 300, 320) km with radar detection range 350 km, the maximal positioning range of several sub-apertures with respect to the reference sub-aperture is denoted by range 1 and range 3 for ϕ = 0.2 • and ϕ = 0.3 • , respectively. From Figure 14 , it is natural to see that the maximal positioning range of distributed coherent receiving radar is an oval area where several sub-apertures are located around the reference sub-aperture. For different scattering angular interval ϕ, the positioning range is scaled up or down in proportion. It is observed that the maximal distance between the two sub-apertures can be as far as 1.27 km when the maximal scattering angular interval ϕ = 0.2 • is satisfied. When the position of the target is given by (x t , y t , z t ) = (323, 350, 350) km with radar detection range about 400 km, the maximal positioning range of distributed coherent receiving radar is denoted by range 2 and range 4 for ϕ = 0.2 • and ϕ = 0.3 • shown in Figure 14 , respectively. It is derived from (11) and (12) that the maximal distance between the two sub-apertures can be as far as 1.48 km when ϕ = 0.2 • . It is found that different position of the target can result in different positioning range of distributed coherent receiving radar. In practice, the maximal positioning range can be determined according to the observation area of interests.
V. CONCLUSION
In this paper, coherent receiving gain G is defined and a method based on electromagnetic scattering of the target is proposed to determine the maximal scattering angular interval of distributed coherent receiving radar. Both theoretical analysis and simulated results demonstrated that high coherent receiving gain can be achieved when the scattering angular interval is small. Compared to a single radar, two subapertures can achieve coherent receiving gain G ≥ 1.8 with probability about 86% when the maximal scattering angular interval is 0.2 • . Moreover, it is found that high coherent receiving gain G is easier to be achieved by operating at a low frequency rather than a high frequency. For the targets with complicated structures, coherent receiving gain G shows more acute fluctuation. Furthermore, via geometrical analysis, the maximal positioning range can be obtained according to the derived maximal scattering angular interval. Although the proposed maximal scattering angular interval ϕ seems small, the maximal positioning range of distributed coherent receiving radar can be large. 
